
PAC Learning from Positive Statistical Queries?Fran�cois DenisBât. M3, LIFL, Universit�e de Lille I59655 Villeneuve d'Ascq Cedex, France,denis@lifl.frAbstract. Learning from positive examples occurs very frequently innatural learning. The PAC learning model of Valiant takes many featuresof natural learning into account, but in most cases it fails to describesuch kind of learning. We show that in order to make the learning frompositive data possible, extra-information about the underlying distribu-tion must be provided to the learner. We de�ne a PAC learning modelfrom positive and unlabeled examples. We also de�ne a PAC learningmodel from positive and unlabeled statistical queries. Relations withPAC model ([Val84]), statistical query model ([Kea93]) and constant-partition classi�cation noise model ([Dec97]) are studied. We show thatk-DNF and k-decision lists are learnable in both models, i.e. with far lessinformation than it is assumed in previously used algorithms.1 IntroductionThe PAC learning model of Valiant ([Val84]) has become the reference model incomputational learning theory. However, in spite of the importance of learningfrom positive examples in natural learning, extending the PAC model in order tomodelize this kind of learning seems di�cult. The reason for it is that it does notexist any good way to de�ne the learning error. Suppose for example that f is thetarget concept, that h is a hypothesis and let � be the underlying distribution. Ifthe error is measured relatively to the positive examples of f , i.e. if error(h) =�f (f�h), then over-generalization seems unavoidable: the \full" concept (�� forlanguages, function 1 for boolean functions) is always a good answer. But if theerror is measured over all the examples, i.e. if error(h) = �(f�h), the learnercannot di�erentiate between di�erent distributions whose restrictions on thepositive examples of f are equal. Consequently, the output concept must alwaysbe included into the target concept and the learning boils down to learning withone-sided error ([Nat87], [Nat91]). But since the underlying distribution can beequal to 0 on some positive examples of the target, a learning algorithm willnot be able to use missing examples to infer negative ones. As a result, it isoften impossible to be sure that a hypothesis is included into the target concept.To sum up, in most cases, positive examples provide not enough information? This research was partially supported by \Motricit�e et Cognition : Contrat par ob-jectifs r�egion Nord/Pas-de-Calais"



to learn in the PAC framework ([Shv90]). The above discussion is detailed insection 3.However, there exist classes of concepts satisfying the following property:there exists a (polynomial) collection of sets (Ei)i2I such that for every conceptf and g and for every distribution �, if for every index i, �f (Ei) ' �g(Ei) then�(f�g) ' 0. This property does not mean that relative frequencies measuredon the positive examples su�ce to determine the target, but that the targetis determined relatively to the underlying distribution. In other words,extra-information about the underlying distribution su�ce to make the learningpossible. These considerations lead us to de�ne a PAC model of learning frompositive examples where information about the distribution are given by unla-beled examples. Note that there are many situations in which it is natural tosuppose that the learner is given positive and unlabeled data: for example, inmarketing analysis context, if we want to know which customers are liable to askfor some speci�c service, we have at our disposal a population of customers whohave already asked for these services (positive data) and the global population(unlabeled data). In medical context, a physician knows the patients who havedeveloped a given disease (positive data) among his whole practice (unlabeleddata).A similar approach was taken in [BDL97] where a model of concept learn-ing from unlabeled examples only is de�ned: the information about the targetconcept come through a dependence of the generating distribution upon thistarget.We also de�ne a model of learning from positive statistical queries where in-formation about the distribution are given by unlabeled queries. Relations withPAC model ([Val84]), statistical query model ([Kea93]) and constant-partitionclassi�cation noise model ([Dec97]) are studied in section 4. We show in section5 that the classes of k-DNF and k-decision lists are learnable from positive sta-tistical queries, i.e. with far less information than what is supposed in previouslyknown algorithms ([Val84], [Kea93], [Riv87]).A lot of work have been done on learning from positive examples only inGold's model of learning in the limit ([Gol67], [Ang80], [Ber86], [Shi90], [ZL95]).The problems encountered in Gold framework, as over-generalizations, are clearlyrelated to the questions studied here. But a systematic comparison between thetwo frameworks is out of the scope of this paper.2 PreliminariesLet Bn be the set of boolean functions from Xn = f0; 1gn into f0; 1g. Let X =[n�1Xn and B = [n�1Bn. A concept class C over X is a subset of B. We noteCn = C \ Bn.A representation scheme for a concept class C is a function R : C ! 2��where � is a �nite alphabet and such that for each f and f 0 in F , R(f) is notempty and if f 6= f 0, R(f) \ R(f 0) = ;. The size of a concept f is size(f) =minfjcjjc 2 R(f)g. We suppose that R is computable in polynomial-time, that



is, there exists a polynomial-time deterministic algorithm which takes as input apair of strings x and c and outputs 1 if f(x) = 1 with c 2 R(f), and 0 otherwise.An example of a concept f is a pair (x; f(x)), where x is in the domain of f .An example (x; f(x)) is positive if f(x) = 1 and negative otherwise. We denoteby pos(f) (resp. neg(f)) the set of all x such that f(x) = 1 (resp . f(x) = 0). If� is a probability distribution on Xn and if f is a boolean function de�ned onXn, �(f) denotes �(pos(f)). If �(f) 6= 0, let �f be the restriction of � to pos(f)de�ned as follows: �f (x) = �(x)=�(f) if x 2 pos(f) and 0 otherwise.A statistical query over Xn is a mapping � : Xn�f0; 1g ! f0; 1g. If f 2 Bn,the query �f denotes the mapping de�ned by �f (x; y) = 1 i� y = f(x).De�nition 1. Let C be a concept class over X. Let f 2 Cn and � be a distribu-tion over Xn.{ The oracle EX(f; �) is a procedure that returns at each call an example(x; f(x)) drawn randomly according to �.{ The oracle UNL(�) is a procedure that returns at each call an unlabeledexample x drawn randomly according to �.{ The oracle STAT (f; �) is a procedure that, for every statistical query � andevery � 2 (0; 1], with input (�; �) returns an approximation of �(fxj�(x; f(x)) =1g) with an accuracy at least � .{ The noisy oracle EX�+;��(f; �) is a procedure which at each call draws anelement x of Xn according to � and returns (i) (x; 1) with probability 1� �+and (x; 0) with probability �+ if x 2 pos(f), (ii) (x; 0) with probability 1���and (x; 1) with probability �� if x 2 neg(f)All these oracles run in unit time.A k-monomial on the variables x1; : : : ; xn is a conjunction of exactly k liter-als. When there is no ambiguity on the set of variables, we note k-MON the setof all k-monomials and for every boolean function f , we note Mk(f) the set ofall k-monomialsm such that m(x) = 1) f(x) = 1. The number of k-monomialsover n variables is at most (2n)k. A k-DNF is a disjunction of k-monomials. Ak-decision list (k-DL) is an ordered sequence f = (m1; b1); : : : ; (ml; bl) in whicheach mi is a k-monomial, each bi 2 f0; 1g and ml = 1. If u 2 Xn, the valuef(u) is de�ned to be bj , where j is the smallest index satisfying mj(u) = 1. Wechoose representation schemes such that the size of a k-DNF or a k-DL over nvariables is bounded by a polynomial in n. We note 1 the boolean function suchthat 1(u) = 1 for every u.We take the two basic following de�nitions in [KV94].De�nition 2. Let C be a concept class over X. We say that C is PAC learnableif there exist a learning algorithm L and a polynomial p(:; :; :; :) with the followingproperty: for any f 2 C, for any distribution � on X, and for any 0 < � < 1and 0 < � < 1, if L is given access to EX(f; �) and to inputs � and �, thenwith probability at least 1 � �, L outputs a hypothesis concept h 2 C satisfying�(f�h) � � in time bounded by p(1=�; 1=�; size(f); n).



De�nition 3. Let C be a concept class over X. We say that C is learnablefrom statistical queries if there exist a learning algorithm L and polynomialsp(:; :; :); q(:; :; :) and r(:; :; :) with the following property: for any f 2 C, for anydistribution � over X, and for any 0 < � < 1, if L is given access to STAT (f; �)and to input �, then{ For every query (�; �) made by L, the predicate � can be evaluated in timeq(1=�; n; size(f)), and 1=� is bounded by r(1=�; n; size(f)).{ L halts in time bounded by p(1=�; n; size(f)).{ L outputs a hypothesis h 2 C that satis�es �(f�h) � �.The standard classi�cation noise model is de�ned in [AL88]. It is generalizedby the constant-partition classi�cation noise (CPCN) model de�ned in [Dec97].We give below a restricted variant of the CPCN model.De�nition 4. Let C be a concept class over X. We say that C is CPCN learn-able if there exist a learning algorithm L and a polynomial p(:; :; :; :; :) with thefollowing property: for any f 2 C, for any distribution � on X, and for any0 � �+; �� < 1=2 and 0 < �; � < 1, if L is given access to EX�+;��(f; �) and toinputs � and �, then with probability at least 1� �, L outputs a hypothesis con-cept h 2 C satisfying �(f�h) � � in time bounded by p(1=�; 1=�; 1=
; size(f); n)where 
 = minf1=2� �+; 1=2� ��g.3 Is it possible to learn with positive examples only?Let f be a target overXn, let � be the underlying distribution (such that �(f) 6=0) and suppose that the only oracle available to the learner is EX(f; �f ). Beforesaying whether he is able to learn, we have to de�ne how the error will beevaluated.The �rst idea could be to measure the error of a hypothesis h on the positiveexamples only. But if we do so, over-generalization will be unavoidable: 1 is acorrect answer whatever the target is.Then, it seems necessary to take negative examples into account. But if theerror is measured in the standard way, taking error(h) = �(f�h), anotherproblem appears: two distributions � and �0 can have the same restriction onthe positive examples of the target while they are very di�erent on the negativeexamples. More precisely, let x0 2 Xnnf and let � 2 [0; 1) such that j���(x0)j �1=2. De�ne �0(x) = 8><>:� if x = x0�(x)�(f) (1� �) if x 2 f0 otherwise (1)We have �f = �0f and j�(x)��0(x0)j � 1=2. Therefore, as it is impossible todi�erentiate � and �0 with the help of the oracle EX(f; �f ), x0 must not belong



to the output hypothesis. That is, learning from positive examples requires theoutput hypothesis to be included into the target concept. But only for veryconstrained classes, as k-CNF or lattices, it will be possible to ensure that theoutput concept is included into the target concept. See ([Nat87], [Shv90]) forcharacterizations of such classes.A related problem come from the following fact: as it is impossible to di�er-entiate a negative example from a positive one on which the distribution is equalto 0, the learner cannot use missing examples to infer negative information.Example 1. Consider the class of 1-DNF on two variables x1 and x2. Let f = x1,g = x2, � and �0 such that �(11) = �(01) = 1=2 and �0(11) = �0(10) = 1=2.Whatever the pair (target, distribution) is among (f; �) and (g; �0), the samplewill be S = f11g. Is 01 a negative example or a positive example on which thedistribution is null? What must be learned?Now, in order to make the learning possible, we could demand that each useddistribution points out only one target concept. That is, we could demand thetarget to be the minimal concept consistent with a su�ciently large sample.For example, if the target is x1 + x2, we should have �(01); �(10) and �(11)not too small. But, in addition to the fact that this restriction seems arti�cial, thesimplest classes of concepts remain not learnable. We have shown (see [Den98])that the problem of �nding a minimal 1-DNF consistent with a positive sampleis not polynomial (under the assumption P 6= LOGSNP ).So, isn't anything possible ? To our knowledge, the analysis of PAC learningfrom positive examples only usually stopped here. And yet, it is possible to gofurther. The following result shows that, with regard to k-DNF, the possibleoutputs are somehow determined by positive data.Proposition 1. For every � 2 [0; 1], for every integer n, for every k-DNF fand g over Xn and for every distribution � over Xn such that �(f) 6= 0 and�(g) 6= 0, if for every k-monomial m,j�f (m)� �g(m)j < � = �N(N + 1)where N = (2n)k, then �(f�g) < �Proof. Let m 2Mk(f) such that �(m) � �(f)=N . Such a monomial exists sincethe number of k-monomials is bounded by N .We have�f (m) = �(m)=�(f) � �g(m) + � = �(m \ g)=�(g) + � � �(m)=�(g) + �that is, �(g) � �(f) + ��(f)�(g)=�(m) � �(f) + �NSymmetrically, we can get �(f) � �(g) + �N



and therefore j�(g)� �(f)j � �NNow we have�(f n g) � Xm2Mk(f)nMk(g) �(m n g) = Xm2Mk(f)nMk(g)[�(m \ f)� �(m \ g)]= Xm2Mk(f)nMk(g)[�(f)�f (m)� �(g)�g(m)]� Xm2Mk(f)nMk(g)[�(f)j�f (m)� �g(m)j+ �g(m)j�(f) � �(g)j]� Xm2Mk(f)nMk(g)[j�f (m)� �g(m)j+ j�(g)� �(f)j]Getting a similar bound for �(g n f) we get�(f�g) � Xm2Mk(f)�Mk(g)[j�f (m)� �g(m)j+ j�(g)� �(f)j] � N�(N + 1) = �This result may seem quite paradoxical. Example 1 shows that it is impossibleto di�erentiate f = x1 from g = x2 if the only available data is 11 and theprevious proposition says that the target is determined by the frequencies onpositive data. In fact, what is determined is not the target but the targetwhen the underlying distribution is known. On the previous example,proposition 1 says that if the distribution is � then the correct hypothesis mustbe f while if the distribution is �0, it must be g.We think that this is the best we can expect from positive examples in thePAC framework: a learning algorithm has to return an approximation of thetarget concept as soon as extra-information about the underlying distributionare given.4 Learning from positive examplesIn the following de�nitions, the \positive" information about the target willbe given by the oracles EX(f; �f ) or STAT (f; �f ) while the extra-informationabout the distribution will be given by UNL(�) or STAT (1; �).De�nition 5. Let C be a concept class over X. We say that C is PAC learnablefrom positive examples if there exist a learning algorithm L and a polynomialp(:; :; :; :) with the following property: for any integer n, for any f 2 Cn, for anydistribution � on Xn, and for any 0 < � < 1 and 0 < � < 1, if L is given accessto EX(f; �f ); UNL(�) and to inputs � and �, then with probability at least 1��,L outputs a hypothesis concept h 2 Cn satisfying �(f�h) � � in time boundedby p(1=�; 1=�; size(f); n).



Remark that if a concept class C is PAC learnable and if there exists a learningalgorithm for C which does not use negative examples of the target, then C isPAC learnable from positive examples. Therefore, k-CNF ([Val84]) and integerlattices ([HSW92]) are learnable from positive examples.A similar approach has been taken in [BDL97]. A model of unsupervisedlearning is de�ned in which the task of the learner is to identify a probabilitydistribution or more precisely, its high probability-density areas, from unlabeledexamples. Then, a learning Without A Teacher model is proposed, in which itis assumed that \for points outside the target the distribution density is lowerthat a certain threshold �, while inside the target the density exceeds somevalue � > �". A characterization of learnability is given, from an information-theoretic point of view; but the computational complexity of learning insidespeci�c hypothesis spaces is not studied.De�nition 6. Let C be a concept class over X. We say that C is learnablefrom positive statistical queries if there exist a learning algorithm L andpolynomials p(:; :; :); q(:; :; :) and r(:; :; :) with the following property: for any in-teger n, for any f 2 Cn, for any distribution � over Xn, and for any 0 < � < 1,if L is given access to STAT (f; �f) and STAT (1; �) and to input �, then{ For every query (�; �) made by L, the predicate � can be evaluated in timeq(1=�; n; size(f)), and 1=� is bounded by r(1=�; n; size(f)).{ L will halt in time bounded by p(1=�; n; size(f)).{ L will output a hypothesis h 2 Cn that satis�es �(f�h) � �.Proposition 2. Let us note POSQ (resp. Q, CPCN , POSEX, PAC) theset of classes learnable with positive statistical queries (resp. statistical queries,constant partition classi�cation noise, positive examples, positive and negativeexamples). Following relations hold:POSQ � Q � CPCN � POSEX � PACProof. (sketch)POSQ � Q: Note �rst that if �1 is the query de�ned by �(x; y) = 1 i� y = 1,we have �(fxj�1(x; f(x)) = 1g = �(f).Let � be a query and de�ne{ �1(x; y) = �(x; 1). We have �(fxj�1(x; f(x)) = 1g = �(fxj�(x; 1) = 1g.{ �0(x; y) = 1 i� (�(x; 1) = 1 and y = 1). We have �(fxj�0(x; f(x)) =1g) = �f (fxj�(x; f(x)) = 1g)�(f).Let L be a learning algorithm from positive statistical positive queries andlet L0 be the following algorithm:Learning from statistical queriesInput: �, nBeginfCompute a �rst approximation of �(f)g



�̂f = STAT (f; �; �1; �=4)If �̂f � 3�=4 then h = ;else fwe know that �(f) � �=2grun algorithm L(�; n)at each call of STAT (1; �; �; �), form the query �1and return STAT (f; �; �1; �) to Lat each call of STAT (f; �f ; �; �), let � 0 = ��216form the query �0 and return STAT (f;�;�0;� 0)STAT (f;�;�1;� 0) to Llet h be the hypothesis output by LEndOutput: hWe have �f (fxj�(x; f(x)) = 1g = �(fxj�0(x;f(x))=1g�(f) .If ja� âj � � 0; jb� b̂j � � 0; b � �=2; b̂ � �=4, we have ja=b� â=b̂j � � .This proves that STAT (f;�;�0;� 0)STAT (f;�;�1;� 0) is an approximation of �f (fxj�(x; f(x)) =1g with an accuracy at least � .It is now easy to verify that L0 is a learning algorithm from statistical queries.Q � CPCN : This result is proved in [Dec97].CPCN � POSEX: (with the help of an anonymous referee). Let C be a con-cept class in CPCN, f be a concept of Cn, � be a distribution over Xn suchthat �(f) 6= 0, 0 < � < 1 and 0 < � < 1. Let � be the distribution de�nedby: �(x) = (2�f (x)=3 + �(x)=3 if x 2 pos(f)�(x)=3 otherwise:We can easily verify that the noisy oracle EX�+;��(f; �) with �� = 0 and�+ = �(f)2+�(f) can be simulated this way: with probability 2/3, get an examplefrom EX(f; �f ) and label it +, and with probability 1/3, get an examplefrom UNL(�) and label it -. A negative example of f is always labelled -: apositive example of f is labelled - with probability �(f)=3.Note that 1=2��+ � 1=6 and that for every subset A of Xn, �(A) � �(A)=3.Therefore, in order to learn C from positive examples with accuracy param-eter �, run the CPCN algorithm with accuracy parameter �=3 and at eachcall of EX�+;��(f; �), call EX(f; �f ) with probability 2/3 and UNL(�)with probability 1/3 and return the result according to the labelling de�nedabove.POSEX � PAC: the oracles UNL(�) and EX(f; �f ) can easily be simulatedusing the oracle EX(f; �).Remark that the class of parity functions can be learned in PAC model usingpositive examples uniquely ([HSW92], [Kea93]). It is proved in [Kea93] that itis not learnable with statistical queries. Therefore, the class of parity functionsis in POSEX but not in Q.



We can't prove that POSEX (resp. POSQ) is strictly included into PAC(resp. Q). We conjecture that the class composed of complementary sets of lat-tices is not learnable from positive examples (while it is PAC learnable).As a corollary, the previous proposition proves that k-DNF and k-DL arelearnable from positive examples since they are learnable from statistical queries[Kea93].Moreover, if the learner knows the underlying distribution and can simulateit within polynomial time, he can learn any class in Q from positive examplesonly. For example,Corollary 1. The classes of k-DNF and k-DL are learnable from EX(f; uf )only under the uniform distribution u.Proof. The oracle EX(1; u) can be simulated by tossing a coin.A concept class learnable from statistical queries can be not learnable frompositive statistical queries with the same space of queries. For example, letC = ff; gg � 2fa;bg where f = fa; bg and g = fag and let �(x; y) = 1 if y = 1 and�(x; y) = 0 otherwise. We have STAT (f; �)(�; �) ' 1 and STAT (g; �)(�; �) '�(a) while STAT (f; �f)(�; �) ' 1 and STAT (g; �g)(�; �) ' 1. Therefore, C islearnable using statistical query � but it is not learnable using positive (restric-tion of) statistical query �.We prove in the next section that k-DNF and k-DL remains learnable frompositive statistical queries.5 Learning from positive statistical queriesDe�nition 7. Let C be a concept class over X. We say that the weight of con-cepts of C can be estimated from positive statistical queries if there exist analgorithm W and a polynomial p(:; :; :) with the following property: for any inte-ger n, for any f 2 Cn, for any distribution � over Xn, and for any 0 < � < 1,if W is given access to statistical queries oracles STAT (f; �f ) and STAT (1; �)and to input �, then W outputs a number �̂(f) such that j�̂(f)� �(f)j � � andW halts in time bounded by p(1=�; n; size(f)).Theorem 1. Let C be a concept class over X learnable from statistical queries.If the weight of concepts of C can be estimated from positive statistical queriesthen C is learnable from positive statistical queries.Proof. Let L be the learning algorithm from statistical queries and let W be thealgorithm which evaluates the weight of concepts of C. The following algorithmlearns C from positive statistical queries.Learning algorithm L0Input: �, n



BeginRun algorithm LEach time algorithm L asks the oracle STAT (f; �)in order to evaluate the query (�; �)Run W (�=4) and let �̂(f) be the resultLet �0 be the query de�ned by �0(x; y) = �(x; 0)Let �1 be the query de�ned by �1(x; y) = �(x; 1)Let �̂�0 = STAT (1; �; �0; �=4)Let �̂+�0 = STAT (f; �f ; �0; �=4)Let �̂+�1 = STAT (f; �f ; �1; �=4)Return �̂�0 + (�̂+�1 � �̂+�0)�̂(f) to algorithm LEndOutput: the output of algorithm LIt is easy to verify that�(fxj�(x; f(x)) = 1g)= �(fxj�(x; 1) = 1 ^ f(x) = 1g) + �(fxj�(x; 0) = 1 ^ f(x) = 0g)= �f (fxj�(x; 1) = 1g)�(f) + (�(fxj�(x; 0) = 1g)� �(fxj�(x; 0) = 1 ^ f(x) = 1g))= �(fxj�(x; 0) = 1g) + (�f (fxj�(x; 1) = 1g)� �f (fxj�(x; 0) = 1g))�(f)The proposition follows.We now apply this result to k-DNF and k-DL.Proposition 3. The class of k-DNF formulas is learnable from positive statis-tical queries.Proof. Let f be a k-DNF over n variables and m be a k-monomial over Xn. Let� be a distribution over Xn such that �(f) 6= 0. We have�f (m) = �(f \m)=�(f) � �(m)=�(f)i.e. for every m 2 k-MON such that �f (m) 6= 0,�(f) = �(f \m)=�f (m) � �(m)=�f (m)and if m is in Mk(f), i.e. if m) f ,�(f) = �(m)=�f (m)Therefore, we get�(f) = minf �(m)�f (m) jm 2 k-MON; �f (m) 6= 0g



and since there exists a monomialm inMk(f) such that �f (m) � 1=N (whereN = (2n)k), we have�(f) = minf �(m)�f (m) jm 2 k-MON; �f (m) � 1=NgThe following algorithm computes an estimation of �(f).Learning the weight of a k-DNFInput: �, nBeginLet � = �(8N2)For all k-monomial mcompute �̂f (m) = STAT (f; �f ; �m; �)f�m(x; y) = 1 i� y = m(x)gcompute �̂(m) = STAT (1; �; �m; �)EndForLet �̂(f) = minf�̂(m)=�̂f (m)jm 2 k-MON; �̂f (m) � 1=N � �gEndOutput: �̂(f)We have �(f) = minf�(m)=�f (m)jm 2 k-MON; �̂f (m) � 1=N � �g.Verify that if �̂f (m) � 1=N � � ,j�̂(m)=�̂f (m)� �(m)=�f (m)j � 2�=(�̂f (m)�f (m)) � 2�=[(1=N � �)(1=N � 2�)]and since 1=N � � � 1=N � 2� � 1=(2N) we havej�̂(f)� �(f)j � 2�4N2 = �We can now apply theorem 1.We now prove an analogous result for k-decision lists. The proof is trickierin this case.Theorem 2. The class of k-decision lists is learnable from positive statisticalqueries.As in previous proposition, we just have to prove that the weight of k-decisionlists can be estimated from positive statistical queries.Let f be a k-DL over n variables and let � be a distribution over Xn suchthat �(f) 6= 0.Let M�f = fx 2 Xnj8m 2 k-MON;m(x)) �f (m) 6= 0g



Let M�f be the complementary set of M�f . We haveM�f =[fm 2 k-MONj�f (m) = 0gWe show below some properties of M�f .Lemma 1. 1. �(f nM�f ) = 02. for every subset A of Xn, �f (A) � �(A \M�f )=�(f).3. if (m; 1) is the �rst (positive) term of f such that �f (m) 6= 0, then �f (m) =�(m \M�f )=�(f)4. �(f) = minf�(m \M�f )=�f (m)jm 2 k-MON; �f (m) 6= 0gProof. 1. let x 2 f nM�f , and let m 2 k-MON such that m(x) = 1 and �f (m) =0. As x 2 f , we have �(x) = 0.2. �f (A) = �(A \ f)=�(f) � [�(A \ (f nM�f )) + �(A \M�f )]=�(f) � �(A \M�f )=�(f).3. let x 2 m \M�f such that �(x) 6= 0. For every term (m0; b) preceding (m; 1)in f , �f (m0) = 0 and since x 2 M�f , we have m0(x) = 0. Therefore x 2 fand �(m \M�f ) = �(m \ f).4. apply the two previous points.The last relation is much less robust than the analogous one for k-DNF. Thisis because �f (m) = �(m\M�f )=�(f) can be true for only one monomial m, andmoreover, the weight of m under � can be very small. In the following learningalgorithm, we build a distribution �, close to � and such that the �rst positiveterm (m; 1) of f such that �f (m) 6= 0 has not too small a weight under �.Learning the weight of a k-decision list (WDL)Input: �, nBeginLet N = (2n)k, � = �25N , �1 = �=4, �2 = (��2)=64fWe now build a set M such that for every k-monomial m,�f (m \M) is null or not too smallgfM is the complementary set of MgM = ;MON� = k-MONLoopFor all k-monomials m 2MON�ask �̂f (m \M) = STAT (f; �f ; �m\M ; �1)EndForIf 8m 2MON�; �̂f (m \M) � � thenExitLoopEndIfAUX  fm 2MON�j�̂f (m \M) < �g



M  M [Sfm 2 AUXgMON�  MON� nAUXfNote that M is a k-DNF and thatthe queries �m\M can be evaluated in polynomial timegEndLoopFor all k-monomials m in MON� doask �̂(m \M) = STAT (1; �; �m\M ; �2)ask �̂f (m \M) = STAT (f; �f ; �m\M ; �2)EndForcompute �̂(f) = minf �̂(m\M)�̂f (m\M) jm 2MON�gEndOutput: �̂(f)Lemma 2. The previous algorithm runs in polynomial time and outputs �̂(f)such that j�̂(f)� �(f)j � �.The proof, a bit technical, relies on several lemmas.Suppose in all the following that we have run the algorithm WDL.Lemma 3. �(M \ f) � N(�+ �1)�(f) < 1.Proof. Each time a monomial m is added to M in the previous algorithm, thisis because �̂f (M \ m) < � which implies �f (M \ m) < � + �1. The quantityadded to M \ f is �(M \m \ f) < (� + �1)�(f). And because the number ofk-monomials is less than N , we get the result.Let � be the distribution over Xn de�ned by :�(x) = 0 if x 2M \ f and �(x) = �(x)=�(M [ f) otherwise.We prove some facts about � which show that �(f) is close to �(f):Lemma 4. 1. We have M =M�f .2. for every subset A of Xn, we have j�(A) � �(A)j � 2N(�+ �1)�(f).3. we have 1� 2N(�+ �1) � �(f)=�(f) � 1 + 2N(�+ �1).Proof. 1. { Let x 2 M . There exists m 2 k-MON such that m(x) = 1 andm �M . Then, �(m \ f) = �f (m) = 0 and x 2M�f .{ Let x 2M�f . There exists m 2 k-MON such that m(x) = 1 and �f (m) =�(m\ f) = 0. Then �f (m\M) = �(m\M \ f)=�(f) = �(M [ f)�(m\M \ f)=�(f) = 0. Therefore, m cannot be in MON� since �1 < �. Wehave x 2 m �M .2. we havej�(A) � �(A)j � Xx2Xn j�(x) � �(x)j � Xx2M\f j�(x) � �(x)j+ Xx2M[f j�(x) � �(x)j� �(M \ f) + Xx2M[f �(x)(1=�(M [ f)� 1)� �(M \ f) + 1� �(M [ f) � 2�(M \ f) � 2N(�+ �1)�(f)



3. applying the last point, we get :�2N(�+ �1)�(f) � ��(f) + �(f) � 2N(�+ �1)�(f)that is 1� 2N(�+ �1) � �(f)=�(f) � 1 + 2N(�+ �1)We can now prove the lemma 2.Proof. First note that the algorithm runs in polynomial time.The only thing to prove is that j�(f)� �̂(f)j � �.{ From lemma 4, we have j �(f)�(f) � 1j � 2N(�+ �1){ Let m 2MON�. We havej �(m \M)�f (m \M) � �̂(m \M)�̂f (m \M) j � j�(m \M)�̂f (m \M)� �f (m \M)�̂(m \M)j�f (m \M)�̂f (m \M)� 2�2�f (m \M)�̂f (m \M)� 2�2(�� �1)(�� �1 � �2) � 8�2�2since �1 < �=4 and �2 < �=4{ We also have�(m \M)�f (m) = �(m \M)�(M [ f) �(f)�(m \ f)= �(m \M)�(M [ f) �(M [ f)�(m \ f \M)�(f) = �(m \M)�(m \ f \M)�(f)= �(m \M)�f (m \M) �(f)�(f){ Using this relation, we getj�(m \M)�f (m) � �̂(m \M)�̂f (m \M) j� �(f)�(f) j �(m \M)�f (m \M) � �̂(m \M)�̂f (m \M) j+ �̂(m \M)�̂f (m \M) j�(f)�(f) � 1j� 2j �(m \M)�f (m \M) � �̂(m \M)�̂f (m \M) j+ 2j�(f)�(f) � 1j� 16�2�2 + 4N(�+ �1)for every m 2MON�



{ Now, let m0 2 MON� such that �(f) = �(m0\M)�f (m0) and m1 2 MON� suchthat �̂(f) = �̂(m1\M)�̂f (m1\M) .j�(f)� �̂(f)j = j�(m0 \M)�f (m0) � �̂(m1 \M)�̂f (m1 \M) j� 2Maxfj�(m \M)�f (m) � �̂(m \M)�̂f (m \M) jjm 2MON�g� 32�2�2 + 8N(�+ �1){ To end the proof,j�(f)� �̂(f)j � j�(f)� �(f)j+ j�(f)� �̂(f)jand since j�(f)� �(f)j � 2N(�+ �1) from lemma 4,j�(f)� �̂(f)j � 32�2�2 + 10N(�+ �1) � �As in corollary 1, if the learner knows the underlying distribution and cancompute it within polynomial time, he can learn k-DNF and k-DL from positivequeries only.6 ConclusionThe models de�ned in this paper show that it is possible to describe learning frompositive data in the PAC learning framework, as soon as information are given onthe underlying distribution. Moreover, learning from positive and unlabeled dataseems natural in many contexts. Lastly, these results show that many classeslearnable in the PAC model are eventually learnable with much more severeconstraints: positive and unlabeled queries provide far less information thanpositive and negative examples. In other words, classes which are learnable in thePAC framework are so not only because they meet the PAC model requirementsbut also others more restricting.References[AL88] D. Angluin and P. Laird. Learning from noisy examples. Machine Learning,2(4):343{370, 1988.[Ang80] D. Angluin. Inductive inference of formal languages from positive data. In-form. Control, 45(2):117{135, May 1980.[BDL97] Shai Ben-David and Michael Lindenbaum. Learning distributions by theirdensity levels: A paradigm for learning without a teacher. Journal of Com-puter and System Sciences, 55(1):171{182, August 1997.
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